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A NEW NUMERICAL METHOD FOR THE SOLUTION
OF THE BOLTZMANN EQUATION IN THE SEMICONDUCTOR
NONLINEAR ELECTRON TRANSPORT PROBLEM

N. A. Masyukov and A. V. Dmitriev UDC 538.935+4-517.958+-537.84

ABSTRACT. A new iterative method for solving the Boltzmann transport equation in the space-uniform
case is introduced. The method is based on the use of a mesh in the momentum space to represent
the distribution function. In intermediate points the function is found with the help of interpolation.
The method is used to study the hot-electron transport in bulk n-InN, which is a promising material for
optoelectronic applications.

1. Introduction

The Boltzmann transport equation (BTE) was initially developed to study gas kinetics [6, 7, 10].
It is also used for studying charge and phonon transport in solids in the semiclassical approximation
[1,2,5,17,26]. A few analytical methods for solving the BTE were developed. However, they can be applied
only in simple cases, where all relevant scattering mechanisms can be treated as elastic processes and the
BTE can be linearized with respect to the charge-carrier distribution function. This approach is called
the T-approximation. It lies at the base of the standard theory of galvanomagnetic and thermoelectric
effects in solids [1,2,17,26].

Problems where one has to deal with the nonlinear BTE and nonelastic scattering processes are much
more complicated. In some particular cases, a set of algebraic balance equations could be solved instead
of the nonlinear integro-differential BTE [3]. But generally the BTE can be solved only numerically.

In this paper, we study the problem of charge transport in semiconductors in strong electric fields.
This problem is called the hot-electron problem or the problem of nonlinear charge transport, because
the mean energy of electrons in the field usually exceeds the lattice temperature and the current-voltage
characteristics become nonlinear.

When one is looking for a suitable approach to the solution of the hot-electron transport problem,
several factors should be taken into account. The band structure of the material and the relevant scat-
tering mechanisms are the most important of them. Thus, the hot-electron transport problem should be
considered separately for any particular substance or for a group of substances with similar properties.
Here we consider the wurtzite indium nitride InN and its alloys with GaN and AIN. These semiconductors
were synthesized not long ago and are very promising for optoelectronic applications, including their use
in general light sources [14]. So the problem of charge transport in these semiconductors in high electric
fields is important. It is worth noting that the method we have developed is not limited to these materials
but can also be used for hot-electron transport calculations in other semiconductors.

In the space-uniform case, the BTE for electrons has the form

0f(k)  eE df(k)

o~ n ook oW o

with the normalizing condition

S (k) = NV. (2)
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Here E is the electric field, f(k) is the electron distribution function, k is the electron wave vector,
e denotes the electron charge, V is the crystal volume,

SUS) =D AWK — k) f(K)[1 = f(k)] = W(k = K) f(k)[1 = f(K)]} 3)
o

is the collision integral, and W (k — k') is the electron transition rate from the state k into k/. The
relevant scattering mechanisms in nitride semiconductors do not affect the spin of electrons. Thus, there
is no summation with respect to spin in the collision integral.

The well-established Monte Carlo (MC) approach [15] is a powerful tool for solving the BTE. It makes
it possible to study charge transport in a wide range of materials and physical situations with rather high
accuracy. But in the case of nonlinear BTE, the method is very time-consuming from the computational
point of view. The problems that appear when one tries to study electron transport in the transient
regime seem to be its second significant disadvantage.

Deterministic methods [9, 12] based on the collision-integral linearization with respect to the distri-
bution function assuming f(1 — f) ~ f and on the distribution-function expansion in terms of a suitable
basis function set have been developed in recent years. Thus, a linear equation set is to be solved instead
the BTE. These methods are quite accurate and effective from the computational point of view. But
they become inappropriate when the linearization cannot be carried out, e.g., when the electron gas is
degenerate. It is worth noting that in InN the free electron concentration is usually rather high, so that
the electron gas is degenerate even at room temperature.

The hot-electron transport in the bulk n-InN was numerically studied in [4,11,18-21, 23] using the
MC approach and in [22] using the quasi-equilibrium thermodynamic approach. In all these publications
the free electron concentration was assumed to be about N = 10'7 cm™3. However, no comparison with
experimental data was presented in these papers. Indeed, such a comparison could not be performed
because the technology at that time allowed one to grow InN crystals with the free electron concentration
not less than N ~ 108 cm=3 [8]. Respectively, in an experimental study [25], samples with a free electron
concentration of the order of N = 9 x 10" cm™3 were used, and the lattice temperature was 7' = 77 K.
Under such circumstances, the electron gas is significantly degenerate; thus, the deterministic methods
mentioned above become inapplicable, and the MC method becomes very time-consuming.

The iterative method that we develop in this paper requires only the smoothness of the distribution
function. Using this method, one can find the stationary distribution function as well as its time evolution.
The hot-electron transport in the bulk n-InN was studied, as an important example, using this method.
The results we obtained numerically agree well with the available experimental data [25].

2. Physical Model

We consider the bulk n-InN crystals with free electron concentration N = 9 x 10®¥cm™3 at the
lattice temperature T = 77 K. The doping concentration Nj; is assumed to be equal to the free electron
concentration. Therefore, we neglect holes in the valence band. The phonon system is assumed to be in
equilibrium. Thus, the lattice temperature remains constant.

2.1. Material Parameters. It is worth noting that at the present time there is a certain disagreement
about the values of InN material parameters. In the simulation, we will use the parameters recommended
in [24] that are presented in Table 1.

A two-valley model is used to approximate the band structure of InN. The lower conduction band
minimum is assumed to be at the I'-point of the Brillouin zone and the energy dispersion relation in the
neighborhood of the I'-point is assumed to be isotropic:

h2k?

2 =¢e(1 4 ae); (4)
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Table 1. Material parameters of InN

Quantity Symbol | Unit | Value
effective mass in the I'-valley mr mo 0.12
effective mass in the A-valley ma mo 1.0
band gap Eg eV 2.0
energy separation between I'-valley and A-valley minima | Arp_a eV 2.2
LO-phonon energy hwro meV 73
TO-phonon energy hwro meV 57
HF dielectric constant Moo 8.4
static dielectric constant 2 15.3
longitudinal sound velocity SLA 10°cm/s | 6.24
transversal sound velocity STA 10° cm/s | 2.55
acoustic deformation potential Da eV 7.1
optical deformation potential Do eV/cm 107
piezoelectric modulus €14 Cc/ m? 0.375
mass density p g/cm3 6.81

here « is the nonparabolicity parameter. It is defined as

1 mp 2
a=— (1 - —F) , (5)
Eg mo
where myq is the free electron mass.

The next nearest energy minimum in the conductivity band is assumed to be at the A-point. The
dispersion relation of the electron energy in the neighborhood of the A-point is taken to be isotropic and
parabolic:

R2k?
e=—, (6)
2ma
where k is counted from the A-point and ¢ from the A-valley minimum.

2.2. Scattering Mechanisms. In this section, transition rates for the electron scattering mechanisms
important in InN are presented and their properties briefly discussed. Ionized impurity (i), deformation
(DA) and polarization (PA) acoustical and polarization (PO) optical phonons are taken into account in
our model as intravalley scattering mechanisms in the I'-valley; i-, DA-, PA-, DO-, and PO-scattering
processes are intravalley scattering mechanisms in the A-valley; DO-scattering is assumed to be responsible
for intervalley transitions.

The following transition rate was used to describe the ionized impurity scattering:

or N; (4me?\*¢(k, K)S(|k — K/|)
e = 52 () G

§(e(k) — e(K')). (7)

0
The overlap integral {(k,k’) of the Bloch parts of the electron wave functions appears in the case of
nonparabolic dispersion relations. For normal processes it is

2

C(k,K) = ‘ / d3r ul (r)u(r)

cell
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where uj (r) and uf, (r) are the initial and final electron wave function Bloch amplitudes, respectively. The
probability of the umclapp processes is significantly smaller, so they are not considered. For intravalley
transitions in the I'-valley with the nonparabolic dispersion relation (4) the overlap integral equals

{VEF 2 + 2z + oV |
[14 2ae(k)][1 + 2ce (k)] ’ (8)

whereas for the intravalley transitions in the parabolic A-valley and for the intervalley transitions it is
assumed to be unity.
The term S(|/k — k’|) appears when one takes into account the screening of the impurity Coulomb

potential
22 qz 2
+ A\q

where the screening length A can be found with the help of the expression

1 [4me? of(k)
A N ) Bs(k) ’
One can see that A\ depends on the electron distribution function so that the BTE is nonlinear even in
the case of nondegenerate electron gas statistics. Formula (9) reduces to the Debye and Thomas—Fermi

screening lengths in the cases of nondegenerate and degenerate statistics, respectively.
For the phonon scattering the following generic form of the transition rates is used:

((k,X) =

9)

Wl — K) = 2 2c( K)S(k — K))
h V
11
X Z{ (k —X|) [ N;(k— k) + 3 + 3 5(6(k) — (k) F hw;(k — k’))},
“+” corresponds to the scattering processes with emission of a phonon and “—” to the processes with its

absorption; summation with respect to j runs over all phonon branches.
The dispersion relations of longitudinal and transversal acoustic phonons are assumed to be linear:
wra(a) = sLaq,  wra(q) = sTagq,
Optical phonons are assumed to be dispersionless:
wro(q) = wro, wro(q) = wro-

The number of phonons N;(q) = N;(g¢,T') with the wave vector q is given by the Bose-Einstein distribution
with the lattice temperature.
For the different types of phonons, B(q) should be determined from the following formulas:

Boa(a) = Zﬁf* .
Bpol(q) = %,
Brofa) = 2,

where Dpy = 4meq4/ 7 is the piezoelectric constant,

814



Note that only longitudinal phonons take part in DA- and PO-scattering, whereas PA- and DO-scattering
are caused by both longitudinal and transversal phonons.

Usually AP-scattering can be treated as an elastic process. In this case, the transition rate becomes

21 1

Wap (k — k') = == 72((k, K)S(Jk = k')d (e(k) — e(K')) Z Bj(lk - K')[2N;(k — k) + 1],

J

j runs over all branches of acoustic phonons.

3. The Numerical Method

In a semiconductor with a multivalley band structure each band is described by its own Boltzmann
equation, so a coupled system of Boltzmann equations should be solved:

afi(k ofi(k) 4 Lo
féit):_% fajl({)JFSt(fj)ﬂL;StIv(fj,fi), j=1,...,1, (10)

where [ is the number of valleys and f;j(k) is the electron distribution function in the jth valley.
The normalizing condition becomes

l
Y > fik) =NV (11)

i=0 k
In the case of InN with its I'- and A-valleys, we should take [ = 2.
3.1. Collision Integral. The collision integral can be simplified taking into account the distribution-func-

tion axis symmetry f(k) = f (k:H, k) where k) is parallel and k is perpendicular to the applied field.
Let us write down the collision integral for the first valley in the form

St = §ci+§top+§tAP+§t1V(l) (12)

(and similarly in the second valley) and consider each term in the spherical coordinate system (z || k).
It is convenient to use the auxiliary functions

Ky cosf + k sin6 cos p

\Il(kHakL79agp) = k )
@k, ki K, 0,0) = k* + K2 — 2kK' U (ky, k1,0, 0),
1
D(k) = = / dk'k?5(e(K') — e(k)).
T

The pair (k”, k1) determines the electron state k before the scattering event, k% = kﬁ + k%, and the set
(K',0,¢) determines the electron state k' after the scattering, k¥’ = |k/|,

kk’
kk'’
D(k) is the density of states (DOS). For the dispersion relation (4) we have

0=2(K,2), Wk ki, 0,0)= o =2Z(K'sing,k), q(ky, ki, k,0,¢) =k — K|,

mrk 20:h2k?
D(k) = ) o

The overlap integral (8) in the new variables takes the form

VI Q=R+ ac ()] + /20200 (ky, k. 6. @}2
[T 202001 T 2020k '

Clky kL, K0, 0) =
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Now the first term in (12) can be represented by the following expression:

1 2w
-~ 4rre? 2 ND(k') . C(kHvkLakveatp)S(Q(kHakL7k79’ (10))
Sti = < p” ) 5% /IdCOSH[f(k cost, ksin 0) —f(k,kj_)]o/dgo 0k ook, 0,9) .

So the term St; contains double integration in finite limits. If the overlap integral is unity (intravalley
transitions in the A-valley and intervalley transitions), integration over ¢ can be performed analytically:

2m
/d S(Q(k’u,kbkﬁ,g@)) 9 2k2—2k:||k:’cosl9—|—)\_2
Gk ki ki 0,0) (2K — 2kyk cos 0+ A2)2 — (2k K sin 0)2]372

Further,
—~ 1 ~ ~—
StOP = ﬁ Z(StOPJ + StOP,j)’

J
where the summation is over all optical phonon branches,

1
St = DK, ,) / deosd {f(K, , cos0, K, , sin0)[1 — f(ky. k)N, + 1)
—1

— fky, kL)1 — f(Kj 1 cosB, K sin@)|N;}
2

X /dg@ C(kH) kJJ k;',-i,-a 67 @)S(q(kHa kL) k;',-}-? 97 @))B] (q(k||7 kJJ k},-‘,—) 95 @))7
0

1
Stop, = DK, ) / deosd {f(K,_cos0, K, _sin6)[1— f(ky, k)N,
21

— flky, ko)1 — f(K; _cos,k; _sin@)](N; +1)}

Js L P
27
[ oGl k0,01 (0l b K 6.0)) Blalhy. k., 0.),
0

and k‘; . is the solution of the following equation:
e(kj 1) = e(k) £ hw;.
Of course, if (k) — hw; < 0 for any j, then SAtaPJ = 0. Thus, one should calculate several double integrals

over finite areas in order to evaluate collision integral terms describing OP-scattering.
For AP-scattering in elastic approximation we have

1
Stael AP = l;(}l?/dcosﬁ[f(kcos&k:sine) — flky k1))
-1
2
X /d@C(k”,/ﬂ,k,@?@)S(Q(MpkL,7@97%0)) ZBj(Q(kH,kL,kﬁ, ©)) [2N; (q(ky, kL, k,0,0)) +1],
0 J

j runs over all branches of acoustical phonons. Thus, to evaluate collision integral terms describing
AP-scattering one has to calculate several double integrals in finite limits.

It is worth noting that if the inelasticity of AP-scattering should be taken into account, the integration
in the AP-terms of the collision integral becomes more complicated. To simplify things, the following
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quasi-elastic approximation can be introduced. In most of the k-space area where the collision integral
will be calculated, the electron energy is much greater than the phonon energy. Correspondingly, one
can still use the same phonon wave vector dependence q(kH, k1,k,0,p) as in the elastic case. In this
approximation,

—~ 1 o~ ~_
Stqel AP — ﬁ Z (Stqel AP,j + Stqel AP,j)v
J

where the summation with respect to j runs over all branches of AP,
1 2m

-+
Stel aP,j = (k§+)/dC089/d905 (ko ki, k,0,0))Bj(q(ky, ki, k,0,0))C(ky ko, K 4, 0,0)
21
X {f +COS9 k:/_i_Slne)[l—f(k}H,kil)][ ( (k”,k:L,k (9,(,0)) —I—l]
- f(k”?kl)[l - f(k/‘_,'_COSg, k/ +sm0)] ( (kHv klnk; 97 90))}
1
é\t(;el AP,j :D(k;, )/dCOSQ/dQOS k||7kJ_>k 0 SO)) ( (k||7kLak 97@))<(k\\7kL7k;,—70> 80)
—1

x { f(k]j _cos 0,k _sin0)[1 — f(ky, kL)|N;(q(ky, ki, k,0,0))

— flky, k)1 — f(kj - cos@,ké_sm@)][ i (q(ky, kL, k, 0,0)) +1]}.
where k;yi(k:”, k1,0,p) is to be determined from

Oe -1
k]:l:(k||7k'J_a97g0) =k= <8k> hSJQ(k‘”,]{J_,k‘,Q,QO)

One can see that the AP-scattering terms in the quasi-elastic approximation described above are
analogous to the OP-scattering terms. But the first one is much more expansive from the computational
point of view, because there all functions are under a double integral.

Regarding the intervalley processes, one has here

~ 1 ~+ ~
Strv(1) = o2 > Bpo,;[St; (1) +St; (1)],
j

where the summation with respect to j runs over all branches of DO-phonons,

1

g\t;r(l) = D( ;7+’2)/dcos9{f( ki 4 ocosO, k) | osin®)[1 — f(ky 1, kL))

-1
X (Nj+1)— f(k'”’l, kiq1)[l— f(k:;-7+’2 cosf, k:97+72 sin@)|N;},
1
§cj (1) = D(k;-ﬂ2)/dcos«9{f( _ocost, K. P2 sin)[1 — VIGIRE ki 1)]N;
-1
— [k, k)1 — f(K) _gcos8, k) _ 5sin@)][N; +1]},
K 1 5 is the solution of the following equation:
6(]?;":‘:’2) = Sl(kl) — A12 + hwj.

Of course, if e1(k1) — A2 £ hw; < 0 for any j, the corresponding term is assumed to be equal to zero.
As for the second valley, the subscripts 1 and 2 should be interchanged, and the equation to determine
k},i,? will be
E( ;’,:t,l) = 82(k2) AN == hwj.
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3.2. Basics of the Numerical Method. First, let us consider one valley (I = 1). The distribution
function values at the grid nodes

. 1 2k
ﬁ:—kzmax+<i+§)Ao, i=0,1,..., Ama"—l,
0
k]:jAO jZO].... kmax
1 9 P 7A0)

are unknowns to be found. The grid can be sparse if the distribution function is expected to be smooth.
The value of kpax should be chosen in correspondence to the applied field strength E so that the dis-
tribution function is well localized within the simulation area, so on the one hand kpa.x should be large
enough. On the other hand, the computational complexity increases for large kmnax, hence it should not
be taken greater than required. ‘

At the initial moment of time ¢ = 0, initial values of the unknowns Z-Oj = 19 ﬁ,ki) are taken
according to the equilibrium Fermi distribution function. Then the (n+ 1)th iteration step is organized in
the following way. The distribution function is interpolated from the grid nodes in the (k”, k) )-space using

the bicubic spline interpolation. The interpolated distribution function f”(k:H, k1) is used to calculate the

screening length A = A(f™) according to formula (9) and the collision integral according to formulas
from Sec. 3.1. With the interpolated distribution function, the numerical integrations in the collision
integral members can be performed with as fine a step as necessary for a desired precision. Note that
the collision integral values are calculated on the grid nodes only; thus we have St;;. Now the new
distribution-function values in the grid nodes are evaluated according to the BTE (10):

z?;'-’_l — fn (k” — %At, k'J_) + At Stzj,
At being the time step. Then the renormalization (11) is performed. This iterative procedure can be
considered as the evolution of the distribution function according to the BTE. It is continued until the
convergence is obtained.

In the multivalley case (I > 1), distribution functions at ! grids can be evaluated similarly to the
one-valley case (I = 1) considered above. But one should note that in the multivalley case the distribution
functions in different valleys are coupled via collision integral terms that correspond to the intervalley
transitions. So, the iterative procedure should be interrupted only when the convergence in all valleys
appears.

4. Selected Results

4.1. Fields Less Than 15 kV /cm. In the experimental research [25], the field dependence of the electron
drift velocity in electric fields less than 15kV /cm was reported at the lattice temperature 7' = 77 K. In
this section, we will compare the results of the numerical simulation performed using our method and the
experimental data from [25].

Within the specified electric-field range the one-valley model can be used because the electron energy
is insufficient for the intervalley transitions.

The simulation-area size was taken to be kmax = 1.2 x 10" cm™!. One can see that the distribution
function is localized within the simulation area (Fig. 1).

The convergence of the method was verified in test runs. Figure 2 illustrates the time dependence of
the drift velocity for different numerical-method parameters. Unfortunately, we could not find an easy
way to show the convergence of the distribution function itself because of the 3-dimensional nature of the
corresponding graphs. For the fixed field value E = 15kV /cm, different time steps At and grid sizes were
examined. We found At = 107155 and the grid size 15 x 30 to be optimal. One can see in Fig. 2 that
a decrease in At and an increase in the grid size do not change the result. Furthermore, one can see that
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Fig. 1. The distribution function in the I'-valley, £ = 15kV/cm, T" = 77K. Grid size
15 x 30, time increment At = 10715 s, simulation time tgm = 0.5 x 107125, One can see
that the field shifts the distribution function along the k| axis.

the results obtained with the initial approximation in the form
Fn/eq(k) = F(k, T, ,uo) + COS(lO_Gk)

that differ from the equilibrium distribution (n/eq) are the same as for the equilibrium initial distribution,
thus being independent of the choice of the initial distribution shape.
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Fig. 2. Hlustration of the convergence. The calculation time dependence of the drift ve-
locity vq, E = 15kV/em, T = 77 K.
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Fig. 3. The calculated field dependence of the drift velocity vy and the experimental
data [25]. Grid size is 15 x 30, simulation time tg, = 0.5 x 107'2s, time increment
At =10"1s.

The use of the quasi-elastic approximation (q/el) for AP-scattering (described above in Sec. 3.1) does
not alter the result. Thus, the simpler elastic approximation can be used to save computation time.

Figure 3 illustrates that the calculated field dependence of the drift velocity fits the experimental
data well. We consider it as a validation of the method proposed.

4.2. Fields More Than 15kV /cm. In this section, the results of the simulation in higher electric fields
are presented. The simulation is performed as before for N = 9 x 108 cm™3 and T = 77 K; AP-scattering
is treated as an elastic process.

Initially, optimal values of the numerical method parameters (time increment At, grid size (GS), time
to convergence tgn, simulation area kpax, and applicability of the one-valley model) for different field
ranges were found (Table 2). For this purpose the convergence was tested as in the previous section.

Table 2. Numerical-method parameters used in different field ranges.

820

E, kV/cm <15]1<30[<50| >50

Emax, cm ™t 1.2 | 1.7 | 2.5 4.4

£(kmax), €V 04 |0.72 | 132 ] 2.89

Emax,, cm ™! - 4.0

eA(kmax,) + Ar—a, eV - 2.80
grid size in the I'-valley 15 x 30 20 x 40
grid size in the A-valley - 10 x 20

At, 10715 1.0 0.5

tsim, 107125 0.5 8.0

The field evolution of the integrated over k| distribution function

£l = 2x [ iy k)
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Fig. 4. The field evolution of the distribution function f(k)) averaged over k, in the I'-
valley. The solid line corresponds to the field E = 15kV /cm, dashed line to the field
45kV /cm, dash-dotted line to the field 70kV/cm. Calculations were performed using
numerical-method parameters from Table 2.

is presented in Fig. 4. The distribution function f(k) is not so informative as f(k|, k. ) but its changes can
be more easily shown graphically. One can see how the applied field changes the shape of the distribution

function f (k).
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Fig. 5. Left panel: calculated field dependence of the drift velocity. Right panel: calculated
field dependence of the relative electron concentration in the I'-valley. Calculations were
performed using numerical-method parameters from Table 2.
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Figure 5 shows the field dependence of the electron drift velocity and the electron concentration in
the I'-valley up to fields of order ~70kV/cm. One can see that the prominent negative differential drift
velocity is connected with the electron transfer to the A-valley where the carriers are heavier.

Conclusions

In this paper, the hot-electron transport in n-type InN with an electron concentration N =
9 x 10" cm™3 at a lattice temperature T' = 77 K was studied numerically. The calculated field dependence
of the drift velocity is in very good agreement with the experimental data [25].

The results are obtained with the help of a new numerical method for solution of the Boltzmann
transport equation. The physical grounds of the method are discussed and the optimal parameters of the
numerical method are determined. The method could be a convenient tool for studying similar electron
transport problems in semiconductors. The method can be used under different conditions, including the
degenerate electron gas statistics; there are no fitting parameters and all relevant scattering mechanisms
can be easily taken into account; the method can also be used to study charge transport in the transient
regime. Furthermore, it is quite computationally effective.
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